We show that there exists an exact solution for a lossless and reciprocal periodic surface impedance which ensures full conversion of a single-mode surface wave propagating along the impedance boundary to a single plane wave propagating along a desired direction in free space above the boundary. In contrast to known realizations of leaky-wave antennas, the optimal surface reactance modulation which is found here ensures the absence of evanescent higher-order modes of the Floquet wave expansion of fields near the radiating surface. Thus, all the energy carried by the surface wave is used for launching the single inhomogeneous plane wave into space, without accumulation of reactive energy in higher-order modes. The results of the study are expected to be useful for creation of leaky-wave antennas with the ultimate efficiency, and, moreover, can potentially lead to novel applications, from microwaves to nanophotonics.
I. INTRODUCTION
Surface-to-propagating wave conversion (or vice versa) is one of the classical problems in antenna theory and techniques, as well as in plasmonics and nanophotonics. Conventionally, such transformation is performed by using leaky-wave antennas [1] , [2] , which can be realized as periodically modulated open or partially open waveguides as well as other structures with periodic perturbations [3] - [6] . The field structure in the vicinity of open modulated waveguides or reactive surfaces contains higher-order Floquet harmonics, which store reactive fields, limiting the antenna bandwidth.
It is of fundamental importance to find out if an exact solution for the properties of radiating apertures can be found, such that the surface (assuming that it is infinite) would ideally convert a single surface wave into a single propagating plane wave. Some attempts to achieve perfect conversion between space and guided modes are known. A periodic metasurface engineered using the generalized law of reflection [7] , which leads to the requirement of a linear reflection phase is reported in [8] . Power conversion efficiency of nearly 100% was claimed in that paper. However, the surface wave is not an eigensolution of the designed metasurface, therefore the structure does not support propagation of the surface wave along the surface. As a result, the reported infinitely long gradient converter operates as a nearly perfect absorber at the steady state. For periodic finite-length supercell-based gradient converters [9] which suffer from the decoupling effect taking S. N. Tcvetkova place at the interface between supercells, the power conversion efficiency of 78% was predicted. Further, transformation of a propagating wave into a surface wave using passive and lossy periodic structures was discused in [10] , but the reported power conversion efficiency of such metasurface is quite low (≈ 7%). In [11] , [12] , transformation of surface wave from a beam wave and back into a beam wave using transparent metasurfaces was discussed. However, the propagating beam launched by the structure appears to be generated by the active constituents of the metasurface instead of being converted from the surface wave propagating along the metasurface. In [13] , the efficiency of a modulated metasurface antenna with non-uniform modulation is found for a finite circular-aperture antenna. The conversion is obtained by changing the local attenuation parameter to synthesize a specific shape of the aperture amplitude distribution. This allows practical aperture efficiency of 80%, including control of the spill-over effect at the edge.
Recently, new means for the power conversion efficiency enhancement have been proposed for the case of homogeneous plane wave to surface wave conversion using metasurfaces [14] . The authors assumed a TE-polarized homogeneous normally incident plane wave as an illumination and transformed it into one TM-polarized surface wave with a linear power growth along the surface. Converting the incident propagating wave into an orthogonally polarized surface wave helps to minimize generation of unwanted evanescent Floquet harmonics, but among the found solutions the only solution of the boundary problem which satisfies Maxwell's equations exactly (still imposing essential limitations on the size of the radiating structure) is nonreciprocal and active/lossy. The authors claimed that the most desirable lossless and reciprocal solution can be found approximately, and the power conversion efficiency in this case can reach up to 95% for a 20λ-long surface.
In this paper, we show that in fact an exact solution exists if the single propagating plane wave in space is an inhomogeneous plane wave. Within this assumption, the required local power balance can be realized exactly in the system of only one surface-bound mode and one propagating plane wave. An infinite-area lossless and reciprocal surface with the properties found here operates as an ideal leaky-wave antenna, launching only one plane wave in a given direction, not storing any reactive energy in higher-order Floquet modes. The conversion efficiency is predicted to be theoretically ideal and numerically tested to be above 99%. The found solution can be considered as a reference solution for modulated impedance leaky-wave antennas.
II. PROBLEM STATEMENT
Let us assume that an infinite lossless boundary (defined by its surface impedance) is illuminated by a plane wave, for example, at normal incidence. Our goal is engineering the surface impedance of the boundary so that all the incident power carried by the plane wave is converted into a single surface wave maintained by the impedance boundary and propagating into a desired direction. While we study the limiting case of an infinite surface, neglecting scattering by the edges, in practice, the size of the receiving surface is finite and the received energy is collected by a matched load at the edge of the receiving surface. We assume that the surface is reciprocal, thus, it can be also seen as converting a surface wave into a leaky-wave propagating in space.
There are two main difficulties in realizing ideal converters. Similarly to the anomalous reflectors, one of the problems is to avoid active regions on impenetrable surfaces [15] . Because the propagating plane wave and the surface wave in general interfere, the required scalar surface impedance has both real and imaginary parts, which corresponds to a lossless in the average, but locally active and lossy converting surface. It is known that for anomalous reflectors this problem can be overcome if the incident and anomalously reflected waves are orthogonally polarized [15] , and we adopt the same approach for the thought ideal converter between propagating and surface waves.
Another problem is to ensure power balance between the power carried by the incident propagating plane wave and the power accepted by the surface mode at every point of the boundary. Since we want to realize wave conversion using a locally responding and lossless impedance surface, the normal component of the real part of the total Poynting vector must be equal to zero at every point of the surface. However, the Poynting vector of the incident plane wave is uniform over the surface, but all possible surface modes supported by periodic impedance boundaries have exponential field attenuation (or growth), which does not match the distribution of the incident power over the receiving surface. Therefore, the exact power balance cannot be satisfied within this scenario (see detailed discussion in [14] ). We expect that exact conversion between a single surface mode and a single inhomogeneous propagating wave may be possible, because in this case the fields of both surface and space waves have exponential coordinate dependence. Here we explore this possibility and show that an exact solution indeed exists.
The ideal conversion scenario (no dissipation or scattering losses) of one TM-polarized surface wave into a single TEpolarized inhomogeneous plane wave is illustrated in Fig. 1 . The surface wave is launched along an impenetrable reactive metasurface characterized by a periodic tensor surface impedance Z(x) = jX(x) with period d. For simplicity, we assume that both fields are invariant with respect to the z-axis. The design goal is to find the periodic distribution of Z(x) that allows to perform perfect conversion, while the fields of both waves satisfy Maxwell's equation in the upper half-space (which is considered to be free space).
A complete eigen-mode basis set for the 2D problem in the absence of sources is given by Floquet-wave modes. The modes are inhomogeneous plane waves with x-components of the complex wavenumbers given by
where n is the Floquet mode index, β x is the propagating constant, and α x is the attenuation constant. Let us set the surface wave as the 0-indexed mode of the Floquet expansion. The TM-polarized surface wave field components are given by
The components of the complex wavenumber are
where β sw x and β sw y are the propagation constants of the surface wave, α x and α sw y are the attenuation constants of the surface wave (x-and ycomponents, respectively). Complex wavenumbers satisfy the free-space dispersion relation
where k 0 is the free-space wavenumber. Separation of the real and imaginary parts leads to
Any combination of the values of the four parameters that satisfy (8) and (9) corresponds to fields which satisfy Maxwell's equations above the boundary, at y > 0. An evanescent in the y-direction and decaying along the x-direction wave is associated with the conditions β sw x > k 0 and α x > 0. Thus, β sw y < 0 and α sw y > 0. If the impedance modulation period d is smaller than the free-space wavelength at the operation frequency, the propagation constant of the −1-indexed mode is smaller than k 0 , thus the wave becomes a propagating one. In other words, the energy is leaking from the surface. The complex wavenumber of the −1-indexed mode is corresponding to a leaky-wave mode, which exponentially decays along the surface:
Here, α x is identical for both the surface and the leaky waves. Let us consider the case when the phase constant of the leaky wave has negligibly small tangential component: β lw x ≈ 0. Therefore, from (10), β sw x ≈ 2π/d Thus, the TE-polarized leaky wave field components are expressed as
with the free-space dispersion relation given by
or, in case of leakage along the normal direction,
The wave coupler as a point-wise lossless impenetrable metasurface can be realized when the superposition of the decaying surface wave and the leaky wave propagating away from the surface satisfy zero net power density penetration in the xz-plane everywhere [14] , [16] . Therefore, the normal component of the total power density is required to be equal zero on the boundary (y=0):
where S sw y and S lw y are the normal components of the Poynting vector associated with the surface wave and leaky wave, respectively. This condition defines the following magnetic field magnitude of the surface wave:
where β sw y is a negative value, as mentioned above. Fulfilling this condition ensures that all the power from the surface wave is entirely converted in the single radiated leaky wave. Reciprocally, the power density transported by the incident propagating wave with the same parameters is entirely received by the surface wave.
III. SOLUTION AND RESULTS
To find the type of the surface needed for ideal conversion, the impedance boundary condition at y=0 is considered. The total tangential fields on the surface are given by
where E tz , E tx and H tz , H tx are the tangential components of the electric and magnetic fields, respectively. The surface located at y = 0 can be characterized by a surface impedance tensor Z, which relates the total tangential electric and magnetic fields as
where Z xx , Z xz , Z zx , and Z zz are components of the anisotropic impedance tensor, which generally can be complex numbers. Since there are two complex-valued equations in (20) for four complex-valued impedance elements, the solution is not unique. Thus, it gives some freedom to choose the values of the impedance elements. The most desirable and practically implementable case of lossless and reciprocal system is considered further. All the elements of the impedance matrix for such boundaries are purely imaginary and the matrix is skew-Hermitian: Z xx = jX xx , Z xz = Z zx = jX xz , and Z zz = jX zz . Inspection of (18), (19) along with the use of Fig. 2: (a) Surface impedance normalized to the free space for the reciprocal and lossless boundary for the wave solution with α x = 0.0425k 0 , α sw y = 0.4671k 0 , β sw x = 1.1k 0 ,β sw y = −0.1k 0 , β lw x = 0, β lw y = 1.0009k 0 , and α lw y = 0.
(17) allow to recognize the four components of the impedances as
(21) Figure 2 shows the surface reactance values X for some chosen values of the wave parameters.
We note that if the impedance boundary conditions for the reciprocal and lossless system are satisfied by one surface wave and a single leaky wave, the exact solution of the boundary value problem for an impedance surface jX does not include any higher-order Floquet modes of the field expansion. In the following, a numerical verification is presented.
A. Visualization of the exact solution
We consider a rectangular cross-section area in the xyplane with the length L = 20λ and the height H = 5λ, where λ is the free-space wavelength. Impenetrable impedance boundary condition is used to model the surface by impressing electric currents specified in terms of electric fields and a surface admittance matrix. The propagating constants of the surface wave for the case of 20λ-long surface are chosen to be β sw x = 1.1k 0 , β sw y = −0.1k 0 , therefore, from (8), (9) and (15) all other parameters of the waves can be found, and they read α x = 0.0425k 0 , α sw y = 0.4671k 0 , β lw x = 0, β lw y = 1.0009k 0 , and α lw y = 0. The operating frequency is f = 10 GHz, but the results can be scaled to any frequency. conversion of the surface wave into a leaky wave using the surface impedance to the ideal picture. 
B. Numerical full-wave analysis
By using full-wave simulations with COMSOL Multiphysics [18], the conversion efficiency [13] of the metasurface can be found. The parameters are identical to the MATLAB simulations presented above. On the top and on the right boudaries of the computation domain the perfectly matched layer condition is specified by the box with the thickness of λ/2. Double-port condition is set on the left side of the box to allow the surface wave excitation with the specified settings, while not perturbing the converted inhomogeneous plane wave (set in the software manually). The general mesh of the model has the maximum size of the element equal to λ/20, while finer mesh elements required along the impedance boundary are λ/300. Figures 4(a) and (b) show the z-component of the total electric and magnetic fields, respectively, for the lossless and reciprocal system. The conversion efficiency is determined as the ratio of the power carried by the TEpolarized inhomogeneous plane wave, which is detected at the distance of 5λ away from the surface to the power launched by the port and carried by TM-polarized surface wave. For the considered case the conversion efficiency of the surface with the length of 20λ is around 99.8%. Next, a possibility of shortening the converting surface length is considered. to be different from the previous case to ensure full leakage, and they are equal to β sw x = 1.2k 0 ,β sw y = −0.15k 0 . From (8), (9) and (15) all other parameters of the waves can be found: α x = 0.0844k 0 , α sw y = 0.6748k 0 , β lw x = 0, β lw y = 1.0036k 0 , and α lw y = 0. Conversion efficiency of the surface with the length of 6λ with these wave parameters is around 99%, while about 1% of the energy is still not converted and carried by the surface wave.
C. Surface length reduction

D. Suggestions for implementation by eigenvector analysis
One possibility for simplifying the realization of such metasurface is to transform the impedance matrix (21) in Cartesian coordinates into a diagonal one written in a new basis. This transformation is equivalent to finding the eigenvalues (diagonal components) and the eigenvectors (new basis vectors) of the impedance matrix. The eigenvalues can be easily calculated solving the equation |ξI − Z| = 0, where ξ is an eigenvalue, I is the identity matrix. Finally, eigenvalues are given by Figure 6 (a) depicts two eigenvalues of the surface impedance along one period d. The eigenvalues are purely imaginary and widely vary within a period spanning from capacitive to inductive values. Eigenvectors ν 1 and ν 2 correspond to the found eigenvalues ξ 1 and ξ 2 , and consist of two components (projections in the Cartesian coordinates) each, ν 1,1 , ν 1,2 and ν 2,1 , ν 2,2 , respectively, that relate as ν 1,2 = − jX xx − ξ 1 jX xz ν 1,1 , ν 2,2 = − jX xx − ξ 2 jX xz ν 2,1 . (23)
We plot Figure 6 (b) assuming ν 1,1 = ν 2,1 . The arrows show the direction for each of the eigenvectors as a function of the coordinate along the surface. Here, the surface is divided into ten equal cells per period and the eigenvalue from the middle of the cell is used for eigenvector calculation.
Eigenvalues and eigenvectors give the information of the resonant inclusions type and its reactive impedance value as well as its orientation on the surface plane. Design and practical realization of such converters is a scope of future research.
IV. CONCLUSIONS
The problem of ideal conversion of a propagating plane wave into a surface wave has been examined theoretically and numerically. It is important to note, that the found exact solution of the boundary value problem for the reciprocal and lossless system is satisfied by one surface wave and one leaky wave only. Therefore, no higher-order Floquet modes of the asymptotic expansion which store the energy are excited near the radiating modulated reactive surface. It means that all the power carried by the surface wave is used for the creation of the leaky wave without storing reactive energy in higher order Floquet-modes. It is expected that the found exact solution represents a reference for minimal possible Q-factor for any leaky wave antenna, thus establishing a bound of maximum bandwidth. This investigation of maximum bandwidth will be the subject of an incoming paper.
